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We show that any product-depth A algebraic circuit for the Iterated Matrix Multiplication polynomial IMM,, 4

2\A
(when d = O(log n/log log n)) must be of size at least n@d( " ), where @ = 1.618. .. is the golden ratio. This
g glog g

improves the recent breakthrough result of Limaye, Srinivasan, and Tavenas (FOCS’21), who showed a super
A

polynomial lower bound of the form n®@d"") for constant-depth circuits.

One crucial idea of the (LST21) result was to use set-multilinear polynomials where each set in the variables’

underlying partition could be of different sizes. By picking the set sizes more carefully (depending on the

depth we are working with), we first show that any product-depth A set-multilinear circuit for IMM,, 4 (when

d = O(log n)) needs size at least nQ(dw)A). This improves the nQ(dUZA) lower bound of (LST21). We then use
their Hardness Escalation technique to lift this to general circuits.

We also show that these techniques cannot improve our lower bound significantly. For the specific two set
sizes used in (LST21), they showed that their lower bound cannot be improved. We show that for any dom
set sizes (out of maximum possible d), the scope for improving our lower bound is minuscule. There exists
a set-multilinear circuit that has product-depth A and size almost matching our lower bound such that the
value of the measure used to prove the lower bound is maximum for this circuit. This results in a barrier to
further improvement using the same measure.
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1 Introduction

An Algebraic Circuit is a natural model to compute multivariate polynomials over a field F. It is a
layered directed acyclic graph with leaves labeled by variables x;, . . ., x, or elements from F. The
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internal nodes are alternating layers of either addition (+) or multiplication (X) gates. The circuit
computes a polynomial in F[xy, ..., x,] in a natural way: the + gates compute arbitrary F-linear
combination of their inputs and the X gates compute the product. Some associated complexity mea-
sures capture the computational complexity of computing the polynomial. The size of the circuit
is the total number of nodes (edges) in the graph. The number of layers in the circuit is its depth.
By product-depth, we mean the number of layers of multiplication gates (depth is roughly twice
the product-depth). A subclass of circuits of particular importance is Arithmetic Formulas, whose
underlying graph is a tree. For a general survey of the field of Algebraic Complexity Theory, see
(3, 22, 32].

Valiant [35], in a very influential work, defined the classes VP and VNP, which can be considered
the arithmetic analogs of P and NP. Much like in the Boolean world, the question of whether VP
and VNP are the same is a central open problem in algebraic complexity theory. Though the best
known lower bounds for general arithmetic circuits [2] (Q(nlogn)) and formulas [10] (Q(n?)) fall
far short of the super polynomial lower bounds that we hope to prove, such bounds are known for
various restricted classes [24-26] (see also [4, 28] for excellent survey).

One of the most interesting restrictions is that of bounding the depth of circuits and formulas.
When the depth is a constant, circuits and formulas are equivalent up to polynomial blow up in
their size and hence we use them interchangeably in this article. Unlike the Boolean world, a very
curious phenomenon of depth reduction occurs in arithmetic circuits [1, 8, 16, 33, 36]. Essentially,
circuits of depth 3 and 4 are almost as powerful as general ones. More formally, any degree d
polynomial f that has a size s circuit can also be computed by a depth 4 homogeneous circuit or a

depth 3 (possibly non-homogeneous) circuit of size sOVd) Hence, proving an n®0Vd) Jower bound
on these special circuits is enough to separate VP from VNP. The extreme importance of bounded
depth circuits has led to a large body of work proving lower bounds for these models and their
variants [6, 7, 9, 11-15, 17, 18, 27, 30, 31].

1.1 The LST Breakthrough

In a remarkable recent work, Limaye, Srinivasan and Tavenas [21] proved the first superpolyno-
mial lower bound for general constant-depth circuits. More precisely, they showed that the Iterated
Matrix Multiplication polynomial IMM,, 4 (where d = o(log n)) has no product-depth A circuits of
size n%*" 7" The polynomial IMM,, ;4 is defined on N = dn? variables. The variables are parti-
tioned into d sets X3, ..., Xy of n? variables each (viewed as n x n matrices). The polynomial is
defined as the (1, 1)th entry of the matrix product X;X; - - - X4. All monomials of the polynomial
are of the same degree, so IMM,, 4 is homogeneous. As the individual degree of any variable is
at most 1, it is also multilinear. Moreover, every monomial has exactly one variable from each set
Xi, ..., Xq, making the polynomial set-multilinear. For any A < log d,IMM,, 4 has a set-multilinear
circuit of product-depth A and size n%@’™) obtained via basic recursion. No significantly better
upper bounds are known, even if we allow general circuits. It makes sense to conjecture that this
upper bound is tight (see [5] for limitations to improving the upper bound when the matrices X;
are 2 X 2).

An algebraic circuit is said to be set-multilinear if every node in the circuit computes a
set-multilinear polynomial with respect to (a subset of) the variable sets. The lower bound of
[21] proceeds by first transforming size s, product-depth A, general circuits computing a set-
multilinear polynomial of degree d to set-multilinear algebraic circuits of product-depth 2A and
size poly(s)d®@ (which is not huge if d is small). Hence, lower bounds on bounded depth set-
multilinear circuits translate to bounded depth general circuit lower bounds, albeit with some loss.
Finally, considering set-multilinear circuits with variables partitioned into sets of different sizes
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and crucially using this discrepancy of set sizes helps in obtaining strong set-multilinear lower
bounds.

1.2 Our Results

In this work, we improve the lower bound for IMM against constant-depth circuits. We also exhibit
barriers to further improving the bound using these techniques, which is important as this is the
only known approach to achieve super polynomial lower bounds for general circuits of low depth.
For the rest of this article, let u(A) = 1/(F(A) — 1), where F(n) = ©(¢") is the nth Fibonacci
number (starting with F(0) = 1, F(1) = 2) and ¢ = (1 + V/5)/2 = 1.618.. ... is the golden ratio.

THEOREM 1.1 (GENERAL CIRCUIT LOWER BoUND). Fix a field F of characteristic 0 or characteristic
> d. Let N,d, A be such that d = O(log N /loglog N). Then, any product-depth A circuit computing
IMM,, 4 on N = dn? variables must have size at least NQdCV/)

20 _
Remark 1.2. Theorem 1.1 improves on the lower bound of NQ@ET0/A) o [21] since F(2A) =
O(p*) < 228,

To prove Theorem 1.1, we use the hardness escalation given by the following lemma from [21],
which allows for the conversion of general circuits to set-multilinear ones without significant
blow-up in size (provided the degree is small).

LEMMA 1.3. [21, Proposition 9] Let s, N,d, A be growing parameters with s > Nd. Assume that
char(F) = 0 or char(F) > d. If C is a circuit of size at most s and product-depth at most A computing
a set-multilinear polynomial P over the sets of variables (X1, . .., Xy) (with |X;| < N), then there is
a set-multilinear circuit C of size d°@poly(s) and product-depth at most 2A computing the same
polynomial P.

The actual lower bound is for set-multilinear circuits.

THEOREM 1.4 (SET-MULTILINEAR CIRCUIT LOWER BOUND). Letd < (logn)/4. Any product-depth
A set-multilinear circuit computing IMM,, 4 must have size at least n(@®/8),

Remark 1.5. Theorem 1.4 is an improvement over the nQ(dl/(ZAfl)/A) bound of [21, Lemma 15].
The result holds over any field F, same as [21]. The restriction on the characteristic in Theorem 1.1
comes from the conversion to set-multilinear circuits (Lemma 1.3). The difference between p(2A)
in Theorem 1.1 and p(A) in Theorem 1.4 is also due to the doubling of product-depth during this
conversion.

In a further recent work [34], Tavenas, Limaye and Srinivasan proved a product-depth A
set-multilinear formula lower bound of (log n)Q(AdI/A) for IMM,, 4. There is no degree restriction,
but in the small degree regime, the bound is much weaker than [21] and cannot be used for
escalation. Improving on it, Kush and Saraf [19] showed a lower bound of nn % /8) for the size of
product-depth A set-multilinear formulas computing an n?-variate, degree n polynomial in VNP
from the family of Nisan-Wigderson design-based polynomials. Unlike both [34] and [19], we are
interested in the low-degree regime where set-multilinear lower bounds can be lifted, and our
bounds will be for IMM (a polynomial in VP), making these works incomparable to ours. We now
prove Theorem 1.1 a la [21, Corollary 4]:

ProoF oF THEOREM 1.1. From Lemma 1.3 and Theorem 1.4, for a circuit of product-depth A and
size s computing IMM,, 4 we get that

dO(d)pOly(S) > NQ(@ N 20)
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Since d = O(log N /loglog N), it follows that d°@ = NO)_ Therefore,
poly(s) > NQ(a#Y /20) /dO@ > N Qa4 /40)
implying the required lower bound on s and, thus, the theorem. o
Remark 1.6. Theorem 1.1 also holds when d = O(log N) and A < 1/4log,, logd. This is because

the above bound on A implies that d*?Y /A > g2W/e*) /A > ¢@0/Vgd) /o logd = w(logd).
Using this inequality together with the assumption d = O(log N), we get d°@ = 20(dlogd) <

gollog N-d/8) — No(@®/1) we can then proceed similarly to the proof of Theorem 1.1.

The hard polynomial for which we prove the set-multilinear lower bound is actually a word
polynomial (Definition 2.1), which is a set-multilinear restriction of IMM (Lemma 2.2). Hence, the
lower bound gets translated to IMM,, 4. These word polynomials are set-multilinear with respect
to (X1, ..., Xg), where each of the X;s could potentially be of different sizes.

For the two specific set sizes considered in [21], they also exhibit polynomials that match their
lower bound. It still leaves open the question whether we can improve the lower bound by choos-
ing some other set sizes. In Theorem 1.4, by choosing two set sizes that are distinctly different
from the ones in [21], we show that it is indeed possible to improve their lower bound. It might
then seem plausible that using many more set sizes could improve the bound further. We show
that this is false for most cases. Suppose there are y < d different set sizes among the X;s. We
show that there are set-multilinear polynomials that can be computed by product-depth A circuits
having size roughly comparable to the size lower bound of Theorem 1.4, provided y is not too large.
Formally,

THEOREM 1.7 (BARRIER). Let si,...,s, be positive integers. Fix sets Xi,...,Xq where for all i,
|Xi| € {s1,...,s,}. For any fixed positive integer A, there exist polynomials Py and Qp that are set-
multilinear with respect to Xy, ..., Xy such that Pp can be computed by product-depth A circuits of
size nP@Y@" ™) and Op can be computed by product-depth A circuits of size nOBd"*+y) Moreover,
Py and Qp maximize the measure used to prove lower bounds.

Remark 1.8. The two different polynomials with slightly different sizes will imply barriers to
improving the lower bound in different regimes of y. Suppose that A = O(1) is small. When y =
O(1), the size of P, matches our lower bound, essentially implying its tightness. When y is d°(!,
the size of Qa is only slightly larger than our lower bound (note p(A — 1) vs u(A)). Hence, even
when multiple set sizes are used, the scope for improvement is tiny.

In an almost parallel work [20], Limaye, Srinivasan, and Tavenas show similar barrier results.
They simplify the proof framework of [21] and characterize the lower bounds that can be proved
via this technique using a combinatorial property, which they term Tree Bias. Their result works
for any d set sizes, but the upper bound they obtain is weaker. More precisely, for any partition

(Xi, .. .,Xy) of the input variables, they exhibit a set-multilinear polynomial that can be computed
Q(logA)
by product-depth A set-multilinear circuits of size nd’* while simultaneously maximizing the

measure. These barrier results (Theorem 1.7 and results of [20]) suggest that new measures and
techniques might be necessary if we are to improve the lower bounds significantly.

2 Preliminaries

For any positive integer n, we denote by F(n) the nth Fibonacci number with F(0) = 1, F(1) = 2
and F(n) = F(n — 1) + F(n — 2). The nearest integer to any real number r is denoted by |r]. We
follow the notation of [21] as much as possible for better readability.
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We consider words that are tuples (wy, ..., wy) of length d, where 2Iwil are integers. These
words define the set sizes of the set-multilinear polynomials we will work with. Given a word w,
let X(w) denote the tuple of sets of variables (X;(w), ..., Xg(w)), where the size of each X;(w) is
2/il 'We denote the space of set-multilinear polynomials over X(w) by F,[X(w)].

For a word w and any subset S C [d], the sum of elements of w indexed by S is denoted by
Wws = Xeswi. Forall t < d, if it holds that |wj| < b, then we call w “b-unbiased”. Denote by
wis the sub-word indexed by S. The positive and negative indices of w are denoted ., = {i |
w; > 0} and N,, = {i | w; < 0}, respectively, with the corresponding collections {X;(w)};cp,, and
{Xi(w)}icn,, being the positive and negative variable sets. We denote by M?, (resp. M) the set
of all set-multilinear monomials over the positive (resp. negative) variable sets.

The partial derivative matrix M,,(f) of f has rows indexed by M? and columns by M. The
entry corresponding to row m; € MY and m_ € MY is the coefficient of the monomial m,m_ in
f. The complexity measure we use is the relative rank, same as [21]:

relrk,, (f) = rank(Mw(f) - rank(M.,(f)) <1

VIMTT- MY 2Rt

The following properties of relrk,, will be useful (for proofs, see [21]).

(1) (Imbalance) For any f € Fy,[X(w)], relrk,,(f) < 27 ™all/2,

(2) (Sub-additivity) For any f,g € Fu[X(w)], relrk,,(f + g) < _relrkw( f) + relrk,,(g).

(3) (Multiplicativity) Suppose f = fifa--- f; where f; € Fg;,[X(wis,)] and (Sy,...,S;) is a par-

tition of [d]. Then, relrk,,(f) = reltky (fif2 - ) = [Ticpy relrky, o (fi).

We now define the hard polynomials for which we prove lower bounds. For any monomial
m € Fopu[X(w)], let my € MZ and m_ € MY be its “positive” and “negative” parts. As |X;| = 2/™il,
the variables of X; can be indexed using Boolean strings of length |w;|. This gives a way to associate
a Boolean string with any monomial. Let o(m. ) and o(m_) be the strings associated with m, and
m_, respectively. We write o(m.) ~ o(m_) if one is a prefix of the other.

Definition 2.1. [21, Word polynomials] Let w be any word. The polynomial P,, is defined as the
sum of all monomials m € F,,,[X(w)] such that o(m,) ~ o(m_).

The matrices M,,(P,,) have full rank (equal to either the number of rows or columns, whichever
is smaller), and hence relrk,,(P,,) = 2~"1@1l/2 We note (without proof) that these polynomials can
be obtained as set-multilinear restrictions of IMM,, 4.

LEMMA 2.2. [21, Lemma 8] Let w be any b-unbiased word. If there is a set-multilinear cir-
cuit computing IMM,s 4 of size s and product-depth A, then there is also a set-multilinear

circuit of size s and product-depth A computing the polynomial P,, € Fq,[X(w)]. Moreover,
relrk,, (P,,) > 27072,

3 Proof Outline

From the discussion in Section 1 and Lemmas 2.2 and 1.3, to prove general circuit lower bounds,
it suffices to prove that there is a word polynomial of high rank that needs large set-multilinear
formulas. For a word (and hence set sizes) of our choice, we show that relrk,, is small for set-
multilinear formulas of a certain size.

Let k be an integer close to log, n. In [21], the authors choose the positive entries of the word
w as an integer close to k/V2 and the negative entries as —k. Evidently, these entries are inde-
pendent of the product-depth A. In this article, we take the positive entries as (1 — p/q)k and the
negative entries as —k, where p and q are suitable integers dependent on A. This depth-dependent
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construction of the word enables us to improve the lower bound. We demonstrate the high-level
proof strategy of the lower bound for the case of product-depth 3.

3.1 Proof Overview of Theorem 1.4 for A =3

Define G(i) = 1/u(i) = F(i) — 1 for all i and let A = |d"/¢®]. Consider a set-multilinear formula
C of product-depth 3 and let v be a gate in it. Suppose that the subformula C(®) rooted at v has
product-depth § < 3, size s and degree > 19(%)/2. We will prove that relrk,,(C(?)) < s27*4/48 by
induction on 8. This will give us the desired upper bound of the form s27%4/4% = sn= ") op the
relative rank of the whole formula when v is taken to be the output gate. Write C(*) = Cy +- - - +C,
where each C; is a subformula of size s; rooted at a product gate. Because of the subadditivity of
relrk,,, it suffices to show that relrk,,(C;) < s;27%*/4®  for all i.

Base case: If § = 1, then C; is a product of linear forms. Thus, it has a rank of 1 and a low
relative rank.

Induction step: § € {2,3}. Write C; = C; 1 ... C;, where each C; ; is a subformula of product-
depth § — 1. If any C; ; has degree > A60=1/2. then by the induction hypothesis, the relative rank
of C; j and hence C; will have the desired upper bound, and we are done.

Otherwise each C; ; has degree D;; < A60-1 /2 As the formula is set-multilinear, there is a
collection of variable sets (X;);¢ s; with respect to which C; ; is set-multilinear. For j € [#;], let a;;
be the number of positive indices in S; that is, the number of positive sets in the collection (X})/es; -
Then the number of negative indices is (D;; — a;j).

We consider two cases: if a;; < D;;/3, then ws, < (D;;/3) - (1 - p/q@)k + (2Dy;/3) - (=k)
< —D;jk/3. Otherwise a;; > D;;/3 and if we can prove that |ws,| > a,-jk/(4/1G(5)’1), then in both
of the above cases, we would have |ws,| > D;jk/ (12A6(9)-1), By the multiplicativity and imbalance

property of relrk,,, it would follow that relrk,,(C;) < 22t 21wl < 9=kA/48 4 d we would be done.
Thus, we now only have to show that |ws,| > a;;k/ (4A¢)-1) We have

Iws,| = laij(1 = p/q) = (Dyj — ayy)| k.

Notice that |wg;, |/k is the distance of a;;p/q from some integer, so it must be at least the minimum
of{a;jp/q} and 1-{a;;p/q}, where {.} denotes the fractional part. The number a;;p/q being rational,
has a fractional part { = (a;jp mod g)/q, and hence it comes down to solving the following system
of inequalities:

min({, 1-{) > aij/(4/1G(5)_1) for 6 € {2,3} when a;; < D;; < A606-1 /3,

Assign p = A, ¢ = A* + 1. The § = 2 case is clearly satisfied as (a;;4 mod (A* + 1)) = a;;A when
0<a;< Al2.

Consider the case of § = 3 and a;; < A2 /2. Write ajj = y1A + yo for integers
y1 = la;j/A) < A/2and yo < A — 1. Thus, a;;A = —y; + yoA mod (A* + 1). Through some case
analysis, one can show that min(|yoA — y;|, 4> + 1 — |yoA — y1|) > y; which immediately implies
the inequality for the 6 = 3 case as y1 = [a;;/A] = a;;/(22).

We can attempt to extend this proof technique to product-depth 4 as follows:
We would similarly want to express a;; as a;; = y2A%+y1A+y, for integers y, = |a;;/A*],yo < A—1
and y; < A — 1. Ideally, we would want that for some g ~ 1%,

pA* =1mod q, pA = —A* mod g and p = 2> mod q

so that a;;p = y2 — y1A* + yoA®> mod ¢ and then we can carry out a similar analysis as in the
A = 3 case. But this is impossible since multiplying the second congruence equation by A gives
pA* = —2° mod ¢, which contradicts the first congruence equation. So we decide to express a;; as
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aijj = Yoby +y1by +yobo, where by, by, by are close to A%, A, 1, respectively, instead of being precisely
equal to these powers of 1. Then we choose c; ~ 1,¢; = —1%, ¢y ~ A* and we assign values to p and
q such that
pby = ¢, mod q, pby = ¢; mod q and pby = ¢y mod q.
It is easy to verify that all these conditions are satisfied if we define
by=1,by = A, by = bl(A - 1) + bg; cp=1,c = —AZ,CO =Cy — Cl(/l - l);
p =coand q = pby —c;.
This inspired our construction of the sequences {b,,} and {c,,} for general product-depth A.

3.2 Proof Overview of Theorem 1.7

As previously mentioned, we would like to find a family of polynomials for which our lower bound
is tight. All the same, we want to maintain a high relative rank of these polynomials. If we can
achieve this and find the appropriate small-sized formulas for the said polynomials, we will have
that the lower bound cannot be improved using the relative rank measure.

The polynomial P we define will be a close variant of the word polynomials from before. This
will ensure that the partial derivative matrix has the maximum possible rank for a matrix of
its dimension. From the Imbalance property, the relative rank we obtain is 2~/"41/2 where we
have ensured that wyy] is small. We want to construct the formula F for P with a nice inductive
structure. We also want the polynomials computed by the subformulas of F to have a high relative
rank. This will help us construct a formula from its sub-formulas while maintaining a high
relative rank.

Suppose a subformula F’ of F is set multilinear with respect to a subtuple 7~ of the sets of
variables X(w). Let these sets in 7~ be indexed by a set S; C [d]. As we would like high relative
rank of F’, the Imbalance property again suggests that |ws, | be small. And we desire this of every
subformula, their subformulas, and so on. So roughly, we want a way to partition our initial index
set [d] into some number of index sets Sy, . . ., S, such that each |ws, | is small. Suppose we can then
create subformulas of rank 27/"si1/2, We will have to roughly add 221 1"'s:| many of them to get a
polynomial of high relative rank. So, to control the size of the formula, we would like }; |ws,| to
be small as well.

In their Depth Hierarchy section, [21] use Dirichlet’s approximation principle [29] to pick these
nice index sets {S;}. Their procedure only works for the particular two variable-set sizes they
choose. We extend this to any two set sizes in Claim 5.6. Interestingly, we do not use Dirichlet’s
approximation to pick the index sets but rather to obtain a lower bound on the size of the sets we
eventually pick. We think of picking sets as an investment process: when we pick a set S, we buy
the |S| elements in it for a cost of |ws|. Hence, the cost per element is |wg|/|S|. At each product-
depth, we are only allowed to pick sets of size under a certain threshold, and we pick the ones
with the lowest cost per element. It turns out that this lowest cost decreases exponentially as the
depth increases, which helps us build a small formula. The decrease is captured by the Fibonacci
numbers and is the reason why they emerge in our lower bound and upper bound.

Making these ideas precise requires substantial notation, and we postpone further discussion to
Section 5.

4 The Lower Bound: Proof of Theorem 1.4

Fix the product-depth A for which we want to prove the set-multilinear formula lower bound.
Define G(i) := F(i) — 1 for all i and A = [d"/9™)]. We can assume that A > 3 because otherwise

d"®) < 3 and in that case, the lower bound is trivial. The lower bound we aim to prove
. Q(dl/G(A))
isn .
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4.1 The Sequences {b,,}, {c;,} and the Integers p, g

We first define the sequences of integers {b,, } and {c,} mentioned in the proof overview:
Let rp, := AGm+D=G(m) _ 1 foro <m < A — 2.
Define

by =1, bl := A and by, = bm—Z + rm_lbm_l for2<m<A-2.
Define

CA—g 1= (—1)A_2, CA—3 = (—I)A_3/1G(A_1)_G(A_2) and

Cm = (_1)m(|cm+2| + rm+1|cm+1|) forA-4>m=>0.

Note that the sign parity of ¢, is (—1)™ for all m.
Thus, ¢z = (=1)"2(lcim| + Fm-1lcm-1]) = ¢m — Fm-1¢m—1 which implies

Cm = Cmg + Tm_1Cm_1 for2 <m< A-2.

Observe that as m increases, by, increases and |c,,| decreases.
Define

p:=co and q:=pb; —c; = co(ro + 1) — cy.

By defining the integers p and q this way, we have ensured that pby = ¢y mod q and pb; =
¢; mod q. Hence from the relations by, = byy—p +rm—1bm—-1 and ¢y = ¢z +rm—16m-1, it inductively
follows that

pbpy=cpymodg  for0<m<A-2. (4.1)
4.2 Bounds on the Values of b, and |c,,|
Each b,, is close to A9 and each |cp,| is close to AG(A-D=Glm+1),

AG(m)
2

LEMMA 4.1. Let A > 3 be as defined in Section 4. Then for0 < m < A — 2,
and AGM*UZ*G("”” < |om| < AGB-)=G(m+1)

< by, < A6M)

To prove these bounds, we use a generalized version of the well-known Bernoulli’s inequality
[23, Section 2.4]:

CrAamm 4.2 (BERNOULLI'S INEQUALITY). Letxy, ..., X, be real numbers all greater than —1 and all
with the same sign. Then,

(T+x)X+x2) ... (T+x) =2 1+x1 4+ +Xp.
PrROOF OF LEMMA 4.1. Clearly, b,, satisfies the bounds when m = 0 or 1. For m > 2,

bm = (AG(m)—G(m—l) - 1)bm—1 + bm—Z
< /‘lG(m)—G(m—l)bm_1
< AG(m)—G(m—l)‘AG(m—l)—G(m—Z) L AG(Z)_G(I)bl

= A6m),
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b = (AG G0 — Dby + by
> (AG(m)—G(m—l) _ 1)bm—l

> (AG(m)—G(m—l) _ 1).(AG(m—l)—G(m—2) _ 1) . (AG(Z)—G(I) _ l)bl

_ 26m-Gy, (4 _ ! - ! e
=1 br. (1 AG(m)—G(m—l)) (1 AG(m—l)—G(m—Z)) o (1 AG(Z)—G(U)

Gm) (4 _ ! _ ! RS S i
= AT (1 2Gm-Gm=1) ~ 1G(m—-1)-G(m—2) 262G [By Claim 4.2]
G 1 1 1 , S
Zl(m)'(l_lm_—l_;tm_—z_'n_Z) since G(i) > i
G(m)
o 1 1 A
=1 m>.(1—/1_1(1—/1m_1))2 -

Clearly, |cp,| satisfies the bounds whenm = A —2or A —3.Form < A — 4,

(AG(m+2)—G(m+1) _

lem| = Dlcmsa| + lemezl

< AG(m+2)—G(m+1)|Cm+l|
< AO(m+2)=G(m+1)  )G(m+3)-G(m+2) ~ 3G(A-2)~G(A=3)|c, |
— )G(8-2)-G(m+1) | 1G(A-1)-G(A-2) _ 3G(A-1)-G(m+1)
lem| = ACFD=6GImHD) _ ylep | + [emas]
> (AG(m+2)—G(m+1) — 1)l

> (AG(m+2)—G(m+1) _ 1) . (AG(m+3)—G(m+2) _ 1) o (AG(A—Z)—G(A—S) _ 1)|CA—3|

= AOA-2-Gmt D, 1 (1 1 ) (1 1 ) o

© AGm+2)-G(m+1) | \ T 1 G(m+3)-G(m+2)

1
- (1 B AG(A—Z)—G(A—S))

1 1
G(A-2)-G(m+1) - - ... - @
> lea-s]- (1 2G(m+2)-G(m+1) AG(A—Z)—G(A—@)
[By Claim 4.2]
1 1 1
G(A-2)-G(m+1) - ... -
> A " |CA_3|' (1 - Am+1 Am+2 AA—3)
_ AG(A—])—G(m+l)' L 1 . 1 N 1 G(A-1)-G(m+1) ' a
Am(l _ 1) /IA—S—m - 2

4.3 Constructing the Word and Proving the Lower Bound
Define & = 1 — p/q. As § < —2 - =1/, we have « > 1/2. Since q = coA — ¢y, it implies that

= co(ro+1) —
q < leold + || < 22947V < d < |log, n) /2

where the second inequality follows from the upper bound on each |c;,| in Lemma 4.1. Therefore,

there exists a multiple of ¢ in the interval [M, [log, n]]. Let k be this multiple of g.

Then ak is an integer. We can construct a word w over the alphabet {ak, —k} such that w is k-

unbiased. This can be done using induction: if |wy;j| < 0, set wiy; = ak, otherwise set w;;; = —k.
With these definitions in place, we can prove Theorem 1.4. Assume the following lemma:
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LEMMA 4.3. Let$ < A be an integer and a, k be as defined above. Let w be any word of length d over
the alphabet {ak,—k}. Then any set-multilinear formula C of product-depth 8, degree D > 1°(®) /8
and size at most s satisfies

relrk,, (C) < s27k4/2%¢,

Proor oF THEOREM 1.4. Note that by Lemma 2.2, there exists a set-multilinear projection P,,
of IMMy« 4 such that relrk,,(P,,) > 27 Consider a set-multilinear circuit of size s and product-
depth A computing IMM,, 4. We can expand it to a set-multilinear formula of size at most s? which
computes the same polynomial. Hence, we will also have a set-multilinear formula of size at most
s?A computing P,,. As d > A°(") /8, taking the particular case of § = A in Lemma 4.3, we obtain
relrk,,(P,,) < s?227%4/25 This gives the desired lower bound

LdV/e® | /256
¥ > gk okA/256 o (\/g) /n= @) |

Proor oF LEMMA 4.3. We proceed by induction on §. We can write C = Cy + - -+ + C;, where
each C; is a subformula of size s; rooted at a product gate. Because of the subadditivity of relrk,,,
it suffices to show that

relrk,, (C;) < ;27425 for all i.

Base case: C has product-depth § = 1 and degree D > 1/8. Then C; is a product of linear forms.
If L is linear form on some variable set X(w;), then relrk,, (L) < 271wil/2 < 9=k/4 Therefore, by the
multiplicativity of relrk,,,

relrk,, (C;) < 27FP/4 < g7kA/32,
Induction hypothesis: Assume that the lemma is true for all product-depths < § — 1.
Induction step: Let C be a formula of product-depth & and degree D > 199 /8. We can write
Ci =Ci1...Ciy,, where each C; j is a subformula of product-depth 6 — 1.
If C; has a factor, say C; 1, of degree > A9(®~1 /8, then by induction hypothesis,

relrk,,(C;) < relrk,,(C; 1) < siz_“/ZS"’.

Otherwise every factor of C; has degree < AG(‘s‘l)/& Let C; = Ci1...Cy s, where each C; j has
degree D;; < A6 /8 If C; is set-multilinear with respect to (X;)es, thenlet (Sy,...,S;,) be the
partition of S such that each C; ; is set-multilinear with respect to (X)es;-

For j € [t;], let a;; be the number of positive indices in S;. We have two cases: If a;; < D;;/2,
then

Dij z]P Dk
< —. k — -
WS =T = h= 2g T~ 42
where the last inequality follows from § > —ZCO(C;:)H) = —2/1. The other case is a;; > D;;/2. If we

can prove that |ws;| > aijk/(SAG(5)_1), then in both of the above cases, we would have |ws,| >
D;jk/(16A9®)~1). By the multiplicativity and imbalance property of relrk,, and the assumption
D > AS) /8 it would follow that

i

relrk,, (C;) < 1—[;:1

and we would be done. Thus, we now only have to show that |ws,| > aijk/(S/lG(‘s)_l).

g=3lws; | < o= BjL Dk /(324990 _ =Dk /(322907 _ g=kA/256

|WS,| = |alj ak + (Dl] al]) (- k)| = az]q (Zal] ij) k asa =1 _P/q
> a,-ij - %” k, where |.] denotes the nearest integer.
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The fractional part of Qb g P MOdq poce to prove that [wg,| > aijk/(S/lG(‘”’l), it is enough
to verify that the followmg inequality is satisfied:
a;;ip mod a;;p mod ai;
min | 227 9, P 4y, v (4.2)

Showing that the p, g we defined satisfy the inequality in Equation (4.2):

We will first find what we call the base (by, ..., ba—2) representation of the number a;;. For
0 < m < A - 2, inductively define y,, to be the integer quotient when (a;; — Z,Anﬁmﬂ b Ymr)
is divided by b,,. Then we can express a;; as a;; = ZA 2 o bmYm. Since b, > A 12 for all m
(Lemma 4.1) and a;; < Dj; < AG(3-1) /8 we have the followmg bounds on the values of y,:

Ym =0form >0 -1, (4.3)
90D G(8-1)-G(5-2)
_ | i A 1 rso
o= | < i s T = 5 ()
bni1 — 1
Ym < {%J =ryform<d-2. (4.5)
m

By Equation (4.1), a;jp = Z CmYm mod q.
Define f to be the hlghest index such that yf > 1 (by Equation (4.3), f < § — 2) and e to be the
smallest index such that y, > 1. Then a;;p = Zm:e ¢mYm mod g. Therefore,

f f
2, emim| 19 1|, it

m=e m=e

/g, 1-

) (aijp mod ¢ a;jp mod q) ] (
min ,1 - = min
q q

/ q) (4.6)

if | Z{nze cmYml/q < 1, which is true by the upper bound in the following claim (See the end of
this section for the proof):

Cram 4.4. If0 < yp, < 1y for allm and y, > 1, then |ca|(f—es1)/2)+el < |Z£1=e CmYm| < q—co
and the sign parity on{n:e CmYm is (—1)°.
Now, we prove a lower bound on the RHS of Equation (4.6). We have three cases:
—1If f <6 —2,then ys_, = 0 that is, a;; < bs_,. By Claim 4.4, we have

f f
min (

Z CmYm Z CmYm
m=e m=e

where the second inequality follows from 2| (f —e+1)/2]+e< f+1 <5 - 2.

—Ife= f =6 -2, then a;; = bs_,ys—,. Hence,

C5-2aij

Cs—
| Zl >
b6—2q

/g, 1—

1.
/q) > C—Imm(|czwr_e+1)/zj+e|, co) =

f f
. les—2lys- . les—alrs—2 _ coro
min|| > emym|/q, 1=| ). cmym| /g |= =22 Jo-2 since |c5_plys—p < = 22 2 < 5 <4/2
m=e m=e q
_ |€5—24ij
bs—2q |’

—Ife < f =6 — 2, then use the bounds of Lemma 4.1 to see that
JG(A-1D-G(6-2)  1G(A-1)-G(8-1) G(5-1)

les—2l
a

_3| > >
|C5 3| 2 AG(‘S_Z)/Z 3 b6—2 ij
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Thus, Claim 4.4 implies that

. i Iq> Co S cs5-3 C5-20ij
- c - > — .
£y omIm| 197 = T bs_2q
If e and f have the same parity, then
f 1 f-1
CmYm|/q = =lcryrl since Z ¢mYm has same sign parity as cryy by Claim 4.4
m=e q m=e
1 aij J Cs—20dij
= Zesoy | —= || = ==,
gl L’éz 2bs—2q
If e and f have different parity, then

f =

Z CmYm|/q = ZI Z CmYm| — |nyf|
1 leglr ,

> ZI (|C2|_(f—e)/2j+e| - f2 f) by Claim 4.4
|Cf71| .
> 2 since [y | (f¢)/2j+el = lof-1l > leglry

Ca_zaij .
—_— since f —1 =6 - 3.
2bs—2q !

Thus in all three cases, min(| 3/, _, CmYml/q, 1 -] py CmYml/q) = | 2L,

2bs_2q
By Lemma 4.1, we have

lcsg| > ACATD=CE-D 13 ps » < 190D g < |eoA + |eg] < 24947,

Hence min(| Z]rcn:e cmYml/q, 1 —| Z]:n:e CmYml/q) = SAG(J—alKG(J—z) = 8/12(%)—1 which together
with Equation (4.6) implies Equation (4.2). O

We show the technical Claim 4.4 used in the above proof.

ProOF OF CLAIM 4.4. Define c_; = |¢y|ry + |c1|. Then from the definition of ¢y, for all m > 0,
[em|rm = lem=1] — |cm+1|- Hence, by a telescopic sum,

t

Z Ca+2ilYa+2i

i=0

t

< Z |casilrasai = a1l = cararsl.
i=0

Consequently,
L(f-e-1)/2]
(-1)¢ Z CmYm = |ce| — Z Cet1+2iYe+1+2i since y. > 1 and the sign parity of ¢, is (=1)"
m=e i=0

> [ce| = (lcel = |02L(f—e—1)/2J+e+2|)
= ez (f-e+1)/2]+el

which proves the second part and the lower bound on | Z{n:e CmYm| in the first part of the claim
As the sign parity of Z{n:e CmYm is (—1)¢, we also have

f L(f=e)/2]

CmYm| <

< Ceszilferai| < [Ce—1] = C21(f=e)/2)+e+1] < g = co. ad
m=e

i=0
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5 Limitations on Improving the Bounds: Proof of Theorem 1.7

We will show here that the techniques of [21] cannot hope to prove much stronger lower bounds.
We do this by constructing polynomials for which the lower bound we proved earlier is tight. We
begin by showing this in the case of two different set sizes. We can normalize with respect to the
bigger set size to assume that the weights are —k and ak (« € [0, 1]) without loss of generality.
Clearly, k < logn.

LEmMA 5.1. Let n,d, A be such thatd < n. For any o € [0,1] let w € {-k, ak}d be a word with
|wia)| < k. There is a polynomial Py € Fg,,[X(w)] which is computable by a set-multilinear formula

of product-depth at most A, size at most nO(Bd"Y) and has the maximum possible relative rank.

Remark 5.2. We can replace ak with |ak| and assume that the weights in w are integers. It can
be shown that this will not change the arguments in any significant way (see Claim 5.8).

We will need the extensive notation from [21], which we restate here.

5.1 Notation

— As in Section 2 and from the remark above, we assume |X(w;)| = 2/"i| and that the variables
are indexed by binary strings {0, 1} i,

— Given any subset S C [d], we denote by S; = {i € S | w; > 0} the positive indices of S and
similarly by S_, the negative indices.

—WeletK = 3icq) Wil kv = Xics, Iwiland k- = 3 ;c5 |wi]. We say Sis P-heavy if ky > k-
and N-heavy otherwise.

— Setting I = [K], we partition the set I = I; U --- U I; where I; is an interval of length |w;|
that starts at (ij |wj|) + 1. Givena T C [d], we let I(T) = Ujer L-

—Let m = mym_ € MS, be a monomial supported on variable sets indexed by S, with m, €
M3+ and m_ € M3, . The Boolean string o(m.) associated with the positive monomial (as
defined in Section 2) can be thought of as a labeling of the elements of I(S;) in the natural
way - o(my) : I(Sy) — {0, 1}. Similarly, for o(m_).

Given a set S, we define a sequence of polynomials that we will later show to have set multilinear
formulas of small size but large rank.
Fix J; € I(S+) and J_ C I(S-) such that |J;| = |J-| = min{k,, k_}. Let 7 be a bijection from J,
to J_. Such a tuple (S, J;, J-, 7) is called valid. Fix a valid (S, J;, J-, 7).
Astring 7 € {0, 1}/%+~%-I defines a map I(S,)\ J; — {0,1}if S is P-heavy and a map I(S_)\ J_ —
{0,1} if S is N-heavy.
The polynomial P(s j, ;. x,r) is the sum of all monomials m such that
(1) a(m.)(j) = o(m_)(r(j)) for all j € J, and
(2) o(my)(j) = z(j) for all j € I(Sy) \ J; if S is P-heavy or o(m_)(j) = =(j) for all j € I(S-) \ J- if
S is N-heavy.
As observed in [21], these polynomials have desirable properties that help build formulas for
them inductively.
(P1) For any valid (S, J+, J-, 7) and any 7 € {0, 1}k=k-I the matrix MW|5 (P(s.J.,J..n 7)) has the
maximum possible rank for a matrix with its dimensions:

rank(MW‘S (P(S,]J,,],,H,T))) = mln{| Mf;r |’ | M‘S;}— |} — 2min{k+,k,}

(P2) Let (Si, Ji+, Ji.—, mi) (i € [r]) be valid tuples with S;(i € [r]) being all -heavy and pairwise
disjoint. Also assume that we have 7; € {0, 1}%:+ ki where k; , = Yjei(s,.) Wj- We can
construct a new polynomial using these. Let S = |; S; (also P-heavy by definition), J; =
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UiJi+, J- = UiJi-, m = U;m and © = U; 7. Then, (S, Ji, J-, 7) is a valid tuple and

moreover

.
Ps, g mm) = l—l P(Si. JivoJi i)
i=1

If each S; is N-heavy, an analogous fact can be shown to hold.
(P3) Say S’,S” are disjoint sets where S’ is P-heavy and S” is N-heavy. Also fix any valid
S, I, ], x"yand (8", 7, J/, 7).

Assume that S = §" U S§” is P-heavy. Let J_ = I(S_) and J, = J, U J U J”, where
J"” € I(S}) is any set of size |[I(S”)| — |I(S7)| disjoint from J, U J (As S is P-heavy, a set
like this exists). Fix any bijection 7" : J"”" — I(S”) \ J/ Assume 7 : J. — J_ is defined to
be (x Un” Ux”")(j)forje JLUJ U J”

Also, fix any 7 : I(S;) \ J+ — {0,1}. Any ¢’ : I(S}) \ J — {0,1} is said to extend 7 if 7’
restricts to 7 on the set I(Sy) \ J; (note that J; contains J;' = I(S}) and hence I(S;) \ J+ C
I(S%)\ J1, so this definition makes sense). We denote by 7’ \ 7 the restriction of 7’ to the set
J”’. We thus obtain

P(S»JJr,]—,”,T) = Z P(S/Ji,]i,ﬂ",f/) : P(S”,]J,',]l’,n’”,(r’\T)OT[”'*l)

7/ extends 7

The size of this sum is 2/"'| = 2¥“~%_ An analogous identity holds when S is N-heavy.

5.2 Cost of Building Formulas

To proceed, we introduce a few notions that help make the ideas in the proof overview (of Sec-
tion 3.2) precise. We will only consider the case where |wjq)| < k, that is, ||y, | — [Ny || < 1. Fix
A as in Lemma 5.1, and recall that | 7] denotes the nearest integer to the real number r.

Definition 5.3 (Fractional Cost). Set fc(0) = landfor1 <5 <A -1,

fe(d) =  min  |qa - |qa]l/q.
g<dH® [fe(5-1)

where g € N is a natural number. In case fc(6”) = 0 for some §’ < A — 1, we set fc(5) = 0 for all
8 > & as well. Let A < A — 1 be the largest integer such that fc(A) # 0.

For1 < § < A, we denote by ps the (least) value of g for which the expression for fc(§) attains
the minimum. Note that, by definition,

ps < A"V [fe(5 - 1). (5.1)

We also denote by ns := [psa] the nearest integer to psa. We first observe that the fractional
cost falls exponentially with depth.

Craim 5.4 (EXPONENTIAL DECLINE). For0 <6 < A -1,
fe(8) < 1/(aHV)FE+I-2,

PROOF OF CLAIM 5.4. Note that when § = 0, the claim holds since 1 = fc(0) < 1/(d#®)F()-2 = 1,
The claim also holds trivially if fc(§) = 0. To prove the claim when 1 < § < A, we will use
Dirichlet’s approximation principle ([29, Theorem 1A]), which essentially implies that for any real
numbers a, and N > 1, there exists an integer ¢ < N such that the distance from qa to the nearest
integer is bounded by 1/N. Consequently, we get that there exists an integer ¢’ < d*® /fc(5 — 1)
such that

lg'a — |q’al| < fe(6 — 1)/d" ™. (5.2)
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When 6 = 1, the claim now follows from the definition since

fe)=  min Iga— lqall/g < Ig'a - Lg'all/q’ < 1/d"®),
q<dHr®) /fe(0)

where we used the fact that ¢’ > 1.
When § > 2, we claim that the ¢’ obtained in Equation (5.2) isn’t too small:

q = d"®/fe(s - 2). (5.3)
Indeed, if not, then
fe(5—1) = min lgo — Lgel
q<dH®) [fe(5-2) q
< fe(§ —1)/d" ™, from Equation (5.2), and ¢’ is now a candidate

This leads to a contradiction since d*® > 1. Hence Equation (5.3) holds, and we obtain the
following bound on fc(§) using Equations (5.2) and (5.3):

|g’a — |g’all  fc(6—-1) fc(6-2)
fe(5) < 7 < P ITT (5.4)
Solving Equation (5.4) readily gives
1 . . .
fe(5) < PGk where f(i) > f(i—1)+ f(i —2) + 2. (5.5)
Rearranging, we have, f(i)+1 > (f(i — 1)+ 1) + (f(i — 2) + 1) + 1 whence we see that setting
f(i—1)+1:= F(i) — 1 satisfies the required constraints and proves the claim. O

We make an additional useful observation. Recall that |#,,| is the total number of positive sets
of variables, and |N,,| is the total number of negative sets. Now, u(A) = ﬁ implies p(A)f(A) =
1+ p(A). Combining this with Claim 5.4, we get fc(A — 1) < 1/d'#(®) = @#) /d. Further noting
that d > |P,,|, we find

fo(A —1) < d"D/|P,,|. (5.6)

Let A’ be the smallest integer for which fc(A’) < d*®/|P,,| holds (such a A’ exists and is
bounded above by A — 1 from Equation (5.6)). In fact, note that A" < A + 1 since fc(A + 1) = 0. We
will now (re)define pars1 == |Puw| and naryq = [Nyl

With the notation in place, we can now state the following central claim that constructs the
polynomial needed for Lemma 5.1:

Cramm 5.5. Let A, A’ be as fixed above. For any integer § < A’ + 1, if S C [d] satisfies |[ws| < k,
|S+| < ps and |S—| < ng, then there exist ., J_, w such that (S, Ji, -, 7) is valid and for all T €
{0, 1}/*5+=k-1 the polynomial P(s.j..7..n, 1) can be computed by a set-multilinear formula of product-
depth § and size at most |S|®25k6d" ™

We finish the proof of Lemma 5.1 assuming the above claim:

ProoF oF LEMMA 5.1. We know that |wiqj| < k. Recall that ppry = [Py] and naryg = [N, |. We
can now apply Claim 5.5 with S = [d] and § = A’ + 1. This gives a polynomial Pp/4; € Fy, [X(w)]
with relrk,, (Ppr4+1) = 2~ IWall/2 The polynomial Pp-4; is computable by a set-multilinear formula
of product-depth at most A’ + 1 < A, and size at most dhskdd"® < po(adH®) O

The following claim is the main technical result that helps prove Claim 5.5. It is in the same
spirit as [21, Claim 28], but we show the existence of a better partition with a more careful analysis.
Furthermore, our analysis holds for any « € [0, 1].
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Cramm 5.6. Fix1 < § < A’ +1. LetS C [d] with |ws| < k such that |S.| < ps and |S_| < ng. Then
there exists a partition of S as S; U S, U ... S,, where the following conditions hold:

(1) 1Si,+] < ps—1 and |S;,-| < ns_1 foralli € [r].

(2) iz lws,| < 5ka#®.

(3) |ws;| <k foralli e [r].

Proor oF Craim 5.6. As long as possible, pick sets S; with |S; 1| = ps—1 positive indices and

|Si.—| = ns—1 negative indices. For all such sets picked, we have
s, = |2, Wi = K Ipssa = nsa] < k. (5.7)
Suppose the sets chosen after the procedure are Sy, . . ., Sy, where m = min{ LMJ, LMJ} and

Ps-1 ns-1
we are left with the set S’. Since we cannot pick the sets anymore, we must have that |S}| < ps_;

or |S”| < ngs—; (or both). We will have to deal with two cases to pick the next sets.

Case 1: «|S;| < |S’].

We pick a set Sp,+; with |S]| positive indices and b = |«|S]|] negative indices (notice that
b <|S”]) so that

lws k|alS,| - b| < k. (5.8)

m+1| =

Note that if |S}| > ps_1, then [S’| > |a|SL|] = laps-1] = ns—1 which contradicts with the
fact that either |S}| < ps—1 or |S”| < ns_1. Therefore, we have |S}| < ps_; and b = ||S;|] <
Laps-11 = ns—1 which ensures that condition (1) is satisfied for i = m + 1.

The remaining set T = S’ \ Sp,+1 has only negative values which we split into singletons
Sm+2s - -+ Sy (there are (|S”| — b) of these sets). As these are singletons, for m + 2 < j < r, we
trivially have |ws,| < k.

We also note that

IS] = b = (1] - alS,]) + (alS,| - b)
= (IS-| = m - nsoy — alSel + am- ps_y) + (@lS4] - b)
< [IS_] = @S, || + mlps_ya = ns_y| + lalS}] - bl,

where the first term is at most 1 since |wgs| < k and the last term is at most 1 as well. Putting it all
together,
,
D7 tws,| = (821 = bk < (mlps1a = ns | + 2)k.
i=m+2

Case 2: «|S;| > |S"].

Observe that if |S” | > ns_;, then we must have |S,| < ps_; implying |[S”| < |«|S;|] < laps-1] =
ns_1. This is a contradiction. Therefore, we have |S”| < ng_;.

Since |S| < ns_1 = laps-1] and [S”| < ||S,|], there exists ¢ < min(ps—1,|S;|) such that
Lac] = |S”|. Pick a set S;,+1 with |S’| negative indices and ¢ positive indices so that

|W5m+1| = k|G(C - |Si|| <k

Condition (1) is clearly satisfied for i = m + 1.

The remaining set T = S’ \ S,,+1 has only positive values which we split into singletons
Sm+2, - - .- Sr (there are (|S}| — ¢) of these sets). As these are singletons, for m + 2 < j < r, we
trivially have |ws,| < k.
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Similar to the earlier case,

r

D7 lws,| = (8L - e)ak

i=m+2
= (IS =171 + (S| — ac)) k
< (lalSs| = [S-|| + mlps_1a = ns_1| + |IS”| - ac|) k
< (mlps—1a — ns_1| + 2)k.

Therefore, in both of the above cases,

r m r
Dl = > Iws, |+ lws,,, [+ > lws|
i=1 i=1 i=m+2

< kmlps_1a —ns_q| + k + (ml|ps_1a — ns_1| + 2)k

< k(z { 15| J ps_1a — ns_i| +3) < k(z|s+|w +3
p Ps-1

<k@2ps - fc(6 —1)+3) (By definition of fc)
< 5kd*®

where the last inequality is true because fc(§ — 1) < d#*® /ps holds for § < A’ from Equation (5.1);
it also holds for § = A’ + 1 by the definition of A’. O

Armed with all this, the proof of Claim 5.5 becomes quite similar to the proof of Claim 27
in [21].

PRrROOF OF CLAIM 5.5. The proof is by induction on the product-depth § forall 1 < § < A’ + 1,
where A’ + 1 is as defined above.

— Base case: When § = 1, we use the trivial expression for P(s j, j . r)as a sum of monomials.
This is a product-depth one Y [] set-multilinear formula of size at most 25151 < 2k(®i+m),
Note that since |ws| < k, [p1ak — nik| < k. This gives n; < pja + 1 < p; + 1. Using the
bound p; < d*® from Equation (5.1), we obtain a size bound of 2k(d"+1) < |S|25kdum), as
required.

— Induction step: Consider some § > 1. Let ky := [I(S+)| and k_ := |I(S_)|. Without loss of
generality, we can assume S is P-heavy. We know that |wg| < k, |S4| < ps and |S_| < ns.
Thus, using Claim 5.6, we obtain a partition of S = S; U --- U S,, where for all i € [r], we
have |ws,| <k, [Si,+] < ps-1,]Si-| < ns_1 and

-
Z lws,| < 5kd"™ . (5.9)
i=1

By induction hypothesis, for every i € [r], there exist J; +, Ji -, 7; such that (S, Ji +, Ji.—, 7i) is

valid and for each 7; € {0, 1}%+~%i-|, the polynomial P(s, j, . J, .z r,) has a set-multilinear

formula F; ;, of product-depth § — 1 and size s; < |S; |6 125k(E-Da" ™
We can assume that Sy, ..., S, are P-heavy and S, ,1,...,S, are N-heavy, where y € [r].
Using (P2) above, we get that

Y r
P gy = I—[P<s,»,1,»,+,ﬁ.ﬂm,r,-)’ Pis gy, goaemy = I—I P(SiJicen i) (5.10)
i=1 i=y+1
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where
(S,’]-:—’Ji, ”/) = ( U Sia U ]i,+’ U ]i,—’ U ”i)’
i€yl  ie€ly] i€ly] i€ly]
r r r r
(8", J0 )7 = ( s U g U 5 U m—)
i=y+1 i=y+1 i=y+1 i=y+1
and for i € [y], each 7; is a restriction of 7’ to I(S; +) \ Ji,+ whereas fori € {y +1,...,r},

each 7; is a restriction of 7”7 to I(S; ) \ Ji.+
Note that both these tuples are valid and S’ is P-heavy and S” is N-heavy. Then, using
(P3), we construct the polynomial

P(S,]+,],,7r, 7) = Z P(S',L’_,]L,H',T/) . P(S",]_:_’,]i’,ﬂ”, )

7/ extends 7

,
Z 1—[ P(Si’]i,+’]i,—’7fi,fi)

7’ extends 7 i=1

, (5.11)

where (S, J1,J ., n’) and (8", ], J/, ") are constructed as in (P3). We can now use the
formulas F; ., we had before from induction and construct a set-multilinear product-depth
6 formula for P(s j, j  x r) of size at most

r.olkZ=KIL, maxs; < || - 2Zi lws; |, |Si|5—125k(5—1)d”(A)
i€[r]

< 15| - o5kdH® |5|5—125k(5—1)dum> , (5.12)

< |S|525k5duw
where the second inequality follows from Equation (5.9). ]

5.3 Handling More than Two Weights

With multiple weights, we partition the index set [d] into sets {S;} such that the sub-word indexed
by each S; contains at most two distinct weights. This allows us to reduce the case of multiple
weights to that of two weights, for which the machinery we built in the previous section can be
used to prove upper bounds. We start by describing this reduction.

LemMa 5.7. Letw € {ay,..., ay}d (Jai] < k for alli) be a word with y < d different weights and
|wiq)| < k. Then, the index set [d] can be partitioned as Sy U --- U S, with n < 6y such that for all
i € [n], the sub-word ws, has at most two distinct weights and further, |ws,| < k.

Proor. Let {Ti,..., T, } be a partition of [d], where every set T; in the partition corresponds to
one weight (i.e., for every I € Tj, w; = a;). We give an algorithm to obtain the desired partition
of [d]. The basic idea is to take two distinct weights and group as many buckets corresponding to
these set sizes as possible while maintaining the constraint on the sum of weights.

1) Initialize j = 1 and & := {Ty, ..., T, }. Repeat the following steps until  is empty.
Y P g step pty.
(2) If possible, pick sets T, and T,, from 7 such that «,, is positive and a, is negative.
3) If |Ty|ap + |Tu|an < 0, then it is easy to see that we can pick a subset T. C T, such that
pl%p y p n
| Tplap + |Tylan| < k since |apl, |an| < k.
4) Set S; :=T, UT,. We have |ws.| = ||T,|a, + |T,|atn| < k as required. Set T,, :== T,, \ T... Dro
J p n j pI¥p n q n P
T, from 7. If |Ty|ap + |Tylan 2 0, proceed in a similar way.
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(5) If we can not pick two sets T, and T, as above, it means that for the remaining sets in 7, either
their corresponding weights are all positive or all negative. We consider the case when they
are all positive (the other case can be dealt with analogously).

(a) If there exists a set T, such that |T,|a, < k, then set S; := T}, and drop T}, from 7.

(b) Otherwise, consider any remaining set T,. We have |T,|a, > k. Since o, < k, there exist
T, € T, U {q} € T} such that |T}|a, < k and (|T;| + 1)a, > k. Set S; := T}, Sj41 = {q} and
Tp =T, \ (T, U {q}). Increment j = j + 1.

(6) Increment j = j + 1 and continue.

We have ensured that |ws,| < k for all i. It suffices to show that the steps 2-6 are repeated at
most 3y times. Every time step 4 or step 5.a is executed, the size of 7 reduces by at least 1. Hence,
they can be repeated at most y times in total. When step 5.0 is executed for the first time, we know
that the remaining collection of sets is 7 = {T1, ..., Tg}, where each T; corresponds to a positive

weight. Let us denote the weight of this collection by w, = Zﬁ

i WI = Zle |T;|er;. Suppose till

now we have picked the sets Sy, ...,Sp for some f’ < y. Then w,; = ws — Ziﬁzl ws,. Using the
triangle inequality, w, < |wg| + Zil |ws;| < k + yk. Every time we remove two sets S; = T and
Sj+1 = {q} as in step 5.b, the value of wy reduces by (|T;| + 1)a, > k. Hence, this can be repeated
at most y + 1 times. O

We can now construct polynomials with small set-multilinear formula size but large rank, even
when the number of distinct set sizes is not two. We construct two different polynomials that are
useful in different regimes of the number of set sizes (see Remark 1.8).

ProOF OF THEOREM 1.7. As |w(q)| < k, by Lemma 5.7, we get a partition of the index set [d] into
sets Sy,...,S, (n < 6y) such that the sub-word corresponding to each S; C [d] contains at most
two weights and |wg,| < k.

— Constructing Pj: Coresponding to each set S;, we have a size parameter «; and the cor-
responding fractional cost function fc;. As in Section 5.2, we also have a A] < A — 1 and
sequences {pj; §;é and {nj §;é with pars1 =[S +| and nar 41 =[S .

We apply Claim 5.6 to each S; to get a partition S; = S;; U --- U Sy, with |S;;,4] <
pa,s [Sij—| < narand |ws, | < kforallj € [ri]. Moreover, 3¢, [ws,; | < 5k|S;|*™). Applying
Claim 5.5 to each of the S; s, we get that there exist Jij +, Jij -, 7r;j such that (S, Jij +, Jij,-» 7ij)
is valid, and for all 7;; € {0, 1}|k+_k*|, the polynomial LSy, JijoonJijo—rmigaziy) €A be computed
by a set-multilinear formula of depth at most A — 1 (all the A}s are at most A — 1) and size

A—1065k(A=1)|S; | A-105k(A=1)dHD)
sij < |Si[A7120KADISIEE < g, A1 pSK(A-DARE,

We club all the P-heavy sets together, and all the NV-heavy sets together across all the S;s.
Now, using the exact same construction (which we skip) as in the induction part of the proof
of Claim 5.5, we obtain a polynomial Py of product-depth at most A and size at most

Z - 2K kR L max sij<d- oZicipl.jelry) Wy ;| . gA=195k(A-1)a*®

; iclnl.jelri]

®) ®)
< hg30kyAdh® O(yadH ™)

— Constructing Qa: Once we have the sets S; .. ., S, with |ws,| < k, we can apply Lemma 5.1
directly to each of these S;s where we set the product-depth to A — 1. For all i € [], we
obtain polynomials Ps, j, ,. s, _ x;,z;) With formulas of size

A—105k(A=1)dHA=D
|54 23KAD .

and product-depth A — 1.
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Again using the same construction as in the proof of Claim 5.5, we obtain the polynomial
Qa of product-depth A and size at most

"_qyn . _ _ (A-1)
n- ok=-ki . m?)i s; <d- oZiely) 1ws;| . gA-195k(A=1)d¥
i€ln

< dAzsk(A—l)d“(’\’”+6yk < nO(Ad““"Hy)'

Note that by the properties described earlier, both these polynomials have the maximum possible
relative rank relrk,,(Pa) = relrk,,(Qa) = 2~ ™ail/2, O

Finally, we show that in the above proofs, without loss of generality, it can be assumed that all
entries of w are integers. We can always consider a word w’ with integer entries such that the
small-sized formula maximizing the relative rank for w’ also nearly maximizes it for w, by which
we mean that it differs from the maximum attainable relative rank by at most a factor of 2¢, which
is not much since d = o(log n). We formalize this now.

Cram 58. Let S C [d] and let w € {aik,...,ayk,~pik, ..., Bk} (lasl,|B:] < 1 for all i)
be a word with y < d different weights. Consider the word w’, where every a;k of w is replaced by
Laik] and every — ik of w is replaced by —| fjk]. Let P’ be the polynomial obtained in the proof of

Theorem 1.7 for the word w’. Then, relrk,,(P’) > 242~ I™al/2,

Proor. From the definition of w’, we have |w]| < |w;| < |w]| + 1. Hence };(|w;| — [w]|) < d.
Using the definition of relative rank and noting that rank(M,,(P’)) = rank(M,,/(P")),
1
/ ’ NV = — 7d/2
relrk,, (P")/relrk,, (P") SRR > 2747,

As P’ is the polynomial obtained in Theorem 1.7 for the word w’, we have
relrk,, (P') = o Wall2,

Thus it suffices to show that |w[’d]| < |wpqyl +d.
By the triangle inequality, | >; wi| < | 2; wi| + | X; w] — w;| which implies

’
E wi —Ww;
i

where the second inequality holds because |w;| > |w]]| for all i. O

|W[,d]| < |W[d]| +

< fwpagl + Y Iwil = [wil < |wiay| +d
i
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